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Problem 1
In each of Problems 1 through 6, use the method of variation of parameters to determine the
general solution of the given differential equation.

"

y" +y' = tant, —r/2<t<m/2

Solution

This is a linear inhomogeneous ODE, so the general solution can be expressed as a sum of y.(t)
and y,(t), the complementary solution and the particular solution, respectively.

y(t) = ye(t) + yp(t)
The complementary solution satisfies the associated homogeneous equation.

Ye +Ye=0 (1)

Since each term on the left has constant coefficients, the solution is of the form g, = €.

Yo = ert N yé — TeTt N yé/ — T26rt — y;// — 7“36

rt
Substitute these expressions into the ODE.

r3€rt +T€rt =0

Divide both sides by e’

P rr=0
r(r?+1)=0
r={0,—1,i}

Three solutions to equation (1) are then y. = e = 1 and y. = e~ and y. = ¢*. By the principle

of superposition, the general solution for 7. is a linear combination of these three.

Ye(t) = C1 + Coe " 4 Cze™
= C1 + Cy(cost —isint) + Cs(cost + isint)
=C1 4+ (Cy + C3) cost + (—iCy 4+ iC3) sint
=(C1+ Cycost+ Cssint
On the other hand, the particular solution satisfies
"

Yy + y; = tant. (2)

According to the method of variation of parameters, the particular solution can be obtained by
allowing the parameters in y.(t) to vary.

yp(t) = C1(t) + Cy(t) cost + Cs(t) sint
Substitute this formula into equation (2).

[C1(t) + Cy(t) cost + Cs(t) sint]” + [C1(t) + C4(t) cost + Cs(t) sint]’ = tant
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Evaluate the derivatives.

[C1(t) + C(t) cost — Cy(t)sint + CL(t)sint + Cs(t) cost]”
+ [C1(t) + Cy(t) cost — Cy(t)sint + CL(t) sint + C5(t) cost] = tant
If we set C1(t) + C)(t) cost + CL(t)sint = 0, then this equation simplifies to
[—C4(t)sint + C5(t) cost]” + [~Cy(t) sint + C5(t) cost] = tant
[—C(t)sint — Cy(t) cost + CL(t) cost — Cs(t) sint]’ + [~Cy(t) sint + C5(t) cost] = tant.
If we set —C(t)sint + CL(t) cost = 0, then this equation simplifies to
[—C4(t) cost — Cs(t) sint]’ + [~Cy(t) sint + C5(t) cost] = tant
[—C4(t) cost + Cultysint — Cf(t) sint — Csttreost] + [—Caltysint + Csltycast] = tant
—C)(t)cost — Ci(t)sint = tant.

As a result of using the method of variation of parameters, the problem of finding a particular
solution has reduced to solving the following system of ODEs.

C1(t) + C)(t) cost + Ci(t) sint = 0 (3)
—C)(t)sint 4+ CL(t) cost =0 (4)
—C)(t) cost — Ci(t)sint = tant (5)

Start by solving equation (4) for Cf(t)

sint

Cs(t) = — Ci(t)

cost
and then plugging it in to equation (5).

sint
—C)(t)cost — | ——C(t)| sint = tant
(0 cost — | 2o

Multiply both sides by — cost.
C(t) cos® t + C)(t) sin®t = —sint
C(t)(cos® t +sin*t) = —sint
Cy(t) = —sint
Integrate both sides with respect to ¢, setting the integration constant to zero.
C4(t) = cost
Substitute this back into equation (4) to get Cs(¢).

sin? ¢ 1 — cos?t 1
= — = — + cost
cost cost cost

—Ch(t)sint + CL(t)cost =0 —  sin?t+ Ch(t)cost =0 — Ch(t)=—
Ci(t) = cost — sect
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Integrate both sides with respect to ¢, setting the integration constant to zero.
C5(t) = sint — In [sect + tant]|
Substitute this result along with Cy(t) into equation (3) to obtain Ci(t).
Ci(t) + Cy(t)cost + Ci(t)sint =0 —  C{(t) + (—sint)cost + (cost —sect)sint = 0
C1(t) —sectsint =0
Ci(t) = tant
Integrate both sides with respect to t, setting the integration constant to zero.
C1(t) = In|sect|
The particular solution is then

yp(t) = C1(t) + Cu(t) cost + Cs(t) sint
= In |sect| + (cost) cost + (sint — In|sect + tant|) sint
= In|sect| + cos®t 4 sin®t — sint In |sect + tant|
=In|sect| + 1 —sintIn|sect + tant|
=lInsect + 1 —sintIn(sect + tant).

Because —m/2 < t < 7/2, the absolute value signs have been dropped. Therefore,

y(t) = ye(t) + yp(t)
=C1+ Cycost+ Cssint + Insect + 1 — sintIn(sect + tant)
= Cs + Cycost + Cssint + Insect — sint In(sect + tant),

where a new constant Cs was used for C7 + 1.
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